In this paper, a new projective equation is used to obtain the variable separation solutions with two arbitrary functions of the (2+1)-dimensional Broek-Kaup system (BKK). Based on the derived solitary wave solutions and by selecting appropriate functions, some novel localized excitations such as fusion and annihilation of solitary waves are investigated.
Introduction
Modern soliton theory is widely applied in many natural sciences such as chemistry, biology, mathematics, communication, and in particular in almost all branches of physics like fluid dynamics, plasma physics, field theory, optics, and condensed matter physics [1 -7] . Searching for an analytical exact solution to a nonlinear system has long been an important and interesting topic in nonlinear science both for physicists and mathematicians, and various methods for obtaining exact solutions of a nonlinear system have been proposed, for example, the bilinear method, the standard Painlevé truncated expansion, the method of 'coalescence of eigenvalue' or 'wavenumbers', the homogenous balance method, and the mapping method [8 -12] , etc. The mapping approach is a kind of classic, efficient, and well-developed method to solve nonlinear evolution equations, the remarkable characteristic of which is that we can have many different ansatzs and therefore, a large number of solutions.
In the past, we have solved the exact solutions of some nonlinear systems via the Ricatti equation (φ = σ + φ 2 ) mapping method, such as (1+1)-dimensional related Schrödinger equation, (2+1)-dimensional Generalized Broek-Kaup system, (3+1)-dimensional Burgers system, (3+1)-dimensional JimboMiwa system, (2+1)-dimensional modified dispersive water-wave system, (2+1)-dimensional Boiti-Leon-0932-0784 / 10 / 1200-1151 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com Pempinelli system, (2+1)-dimensional Korteweg-de Vries system, (2+1)-dimensional asymmetric NizhnikNovikov-Veselov system, etc. [13 -22] . In this paper, with a new projective equation (φ = σφ + φ 2 ) and a linear variable separation approach, a new family of exact solutions with arbitrary functions of the (2+1)-dimensional Broek-Kaup system (BKK) is derived and based on the derived solutions, we find a few novel localized excitations.
The (2+1)-dimensional BKK system is
The BKK system is used to model the nonlinear and dispersive long gravity waves travelling in two horizontal directions in shallow water with uniform depth, and it can also be derived from the celebrated Kadomtsev-Petviashvili (KP) equation by the symmetry constraint [23] . When y = x, the (2+1)-dimensional BKK system is reduced further to an usual (1+1)-dimensional BKK system, which can be used to describe the propagation of long waves in shallow water [24] . Using some suitable dependent and independent variable transformations, Chen and Li [25] have proved that the (2+1) dimensional BKK system can be transformed to the (2+1)-dimensional dispersive long wave equation (DLWE) and (2+1)-dimensional Ablowitz-Kaup-Newell-Segur (AKNS) system. The (2+1)-dimensional BKK system has been widely investigated in detail by many researchers [26] .
New Exact Solutions of the (2+1)-Dimensional BKK System
The basic idea of the new equation (φ = σφ + φ 2 ) mapping approach is as follows. For a given nonlinear partial differential equation (NPDE) with the independent variables x = (x 0 = t, x 1 , x 2 , ··· , x m ), and the dependent variable u, in the form
where P is in general a polynomial function of its arguments, and the subscripts denote the partial derivatives. The solution may be assumed to be in the form
with
where A i (x) and q(x) are functions of the indicated argument to be determined, σ is an arbitrary constant, and the prime denotes φ differentiation with respect to q. To determine u explicitly, one substitutes (3) and (4) into the given NPDE and collects the coefficients of the polynomials of φ , then eliminates each coefficient to derive a set of partial differential equations for A i and q, and solves the system of partial differential equations to obtain A i and q. Finally, as (4) is known to possess the solutions
Substituting A i , q, and (5) into (3), one obtains the exact solutions to the given NPDE. First, let us make a transformation of (1): v = u y . Substituting this transformation into (1) yields
Now, we apply the mapping approach to (6) . By the balancing procedure, ansatz (3) becomes
where f , g, and q are functions of (x, y,t) to be determined. Substituting (7) and (4) into (6) and collecting coefficients of the polynomials in φ , then setting each coefficient to zero, we have
where χ(x,t) and ϕ(y) are two arbitrary functions of the indicated arguments.
Case 1. For σ = 0, we can derive the following solitary wave solutions of (1):
with two arbitrary functions being χ(x,t) and ϕ(y).
Case 2. For σ = 0, we can derive the following variable separated solution of (1):
Some Localized Excitations in (2+1)-Dimensional BKK System
In this section, we mainly discuss some localized coherent excitations in the (2+1)-dimensional BKK system. For simplification, we only discuss the field v 2 of (13), namely 
Dromion Excitations
In (2+1) dimensions, one of the most important nonlinear solutions is the dromion excitation, which is localized in all directions exponentially. For instance, if we choose χ and ϕ as χ = 0.0001 + 0.1 exp(x + kt),
we can obtain a dromion structure for the physical quantity V of (16) presented in Figure 1a with fixed parameters k = 1 and t = 0. If we choose χ and ϕ as
we can obtain a multi-dromion structure for the physical quantity V of (16) presented in Figure 1b with fixed parameters k = 1 and t = 0.
The Fusion and Annihilation of Solitons
Now, we focus our attention on these intriguing fusion and annihilation phenomena for the solitary wave solutions V , which may exist under certain circumstances. For instance, when we select the arbitrary functions χ and ϕ to be
and substitute (19) for (16), we can obtain a new kind of solitary solution of (1). Figure 2 shows an evolutional profile corresponding to the physical quantity V of the two-dromion solution expressed by (16) , exhibiting a fusion phenomenon for the two solitons. From Figure 2 , we can clearly see that the two single-solitons fuse to one soliton finally. Just like other particles, solitons can also be annihilated in some appropriate conditions. For example, when choosing χ(x,t) and ϕ(y) in solution (16) to be
we can see that the annihilation of solitons for the physical quantity V of (16) under the condition (20) presented in Figure 3 with fixed parameters t = −7, 0, 2, 3, 5, 7. From Figure 3 , we find that the amplitude and shape of the solitons become smaller and smaller after interactions, finally, they reduce to zero.
Summary and Discussion
In the past, many authors have solved the exact solutions of some nonlinear systems via the Ricatti equation (φ = σ + φ 2 ) mapping method. In summary, via a new projective equation (φ = σφ + φ 2 ) and a linear variable separation approach, we find some new exact solutions of the (2+1)-dimensional Broek-Kaup system. Based on the derived solitary wave excitation, we have studied the fusion and annihilation phenomena of solitons. And we can see that solitons have the same characteristics as other particles in many aspects.
Although we have given out some soliton fusion and annihilation phenomena in the (2+1)-dimensional case, it is obvious that there are still many significant and interesting problems to be further discussed. As the authors [27] have pointed out in the (1+1)-dimensional cases: What is the necessary and sufficient condition for soliton fusion and fission? What is for soliton elastic and nonelastic interactions? What is the general equation for the distribution of the energy and momentum after soliton fusion and soliton fission? How can we use the soliton fusion and soliton fission of integrable models to investigate the observed soliton fusion and soliton fission in the experiments? These are all the pending issues to be further studied.
